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Abstract 

We study a Curie- Weiss model with a random external field gener- 
ated by a dynamical system. Probabilistic limit theorems (weak law of 
large numbers, central limit theorems) are proven for the corresponding 
magnetization. Our results extend those already obtained in [7| and [Sj. 



1 Introduction 



The Curie- Weiss model is a well-known approximation to the Ising model (see 
(3). Probabilistic limit theorems for the Curie- Weiss model have been proven by 
the following authors: Ellis and Newman Ellis, Newman and Rosen [j]]... The 
purpose of the present paper is to prove limit theorems for the Curie- Weiss model 
with random external field generated by a dynamical system, namely weak law of 
large numbers and central limit theorems for the associated magnetization. Our 
main motivation is the understanding of the statistical properties of the following 
physical model: consider n particles (iron atoms for instance) distributed along 
a lattice r = The value of ±1 at a site represents the spin, or 

magnetic moment, of the particle at that site. The particles are placed in a 
magnetic field which is given in terms of a dynamical system S = (E,A,fi,T), 
that is a probability space (E, A, fi), T a transformation of E and a function / 

"Universite Claude Bernard-Lyon 1, Institut Camille Jordan, 43 bid du 11 novembre 1918, 
69622 Villeurbanne, France, e-mails: dombry@univ-lyonl.fr, nadine.guillotin@univ-lyonl.fr 



1 



defined on E with values in [0, 1]. Let (3 > be the inverse temperature and J 
a coupling constant assumed strictly positive. 

Given a configuration a = (<7j)j=i... iri S f2„ = { — 1, +1}" and x S -E, we define 
the Hamiltonian, 

We denote by Q n>x the Gibbs measure on fi„ defined by 

Qn,x(c) = ~ — exp[if n , !C ((7)] 
where Z„. x is the normalizing constant, called partition function 

Z n ,x = ^2 exp[H n>x (cr)}. 

Equivalently, (Jn,x is the probability measure defined on (Q, n ,V(£l n )) such that, 
for any A e V(Cl n ), 

Q n ,x(A) = J— I exp[fl- n , x (<T)]dP n (a) 

Z n ,x J A 

where P n is the uniform distribution on il n (i.e. for any a S fi„, P„(cr) = ^-) 
and Z n , m is the partition function 

Z n ,x= j exp[H n ,x( a )} dF "( cr )- 

For each configuration a — (<Tj)i=i,..., n we define the associated magnetization 
(or ioiaZ spin) 

n 

Mn X!' 7 " 

i=l 

Remark that when / = 1/2 our model corresponds to the Curie- Weiss model 
without external field studied in [HI E] ■ Moreover it is worth remarking that 
any field (g(T l x))i>i can be considered by choosing the function / as e 9 / (1 + e 9 ). 
In particular, it includes the case where the field is given in terms of a sequence of 
independent and identically Bernoulli random variables taking the values — e and 
e with probability 1 /2 considered in and • We will be mostly interested 
in the special case when the dynamical system is the irrational rotation on 
the torus which corresponds to a quasiperiodic random field; we refer to [*H?] 
for a complete and precise discussion about the relevance of this model in the 
modelization of certain physical models. 

We are interested in studying the asymptotic behaviour of M n in the so-called 
thermodynamical limit n — > +oo. In 9 a physical interpretation of this limit 
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behaviour is given in relation with stable states (mixed or pure) and metastable 
states of the underlying physical system. An illustrative example derived from 
thermodynamics is given, namely a detailed description of states as well as the 
phase transition in a gas-liquid system. 

At infinite temperature (i.e. (3 = 0) the probability measure Q n ,x is equal to 
the product measure 

n 

J] {f(Tx)5 1 + (1 - /(T*x))5_i) 
t=i 

This implies that the random variable M n is just a sum of independent random 
variables Ci taking the value 1 with probability f(T l x) and —1 with probabil- 
ity 1 — f(T l x). So, in this particular case, the sequence of random variables 
(M n )n>i is a so-called dynamic Z— random walk (see Section 2). The dynamic 
Z-random walks were introduced by the second author in ^3], then generalized 
to dimension d > 1 in |16| . Theoretical results about dynamic random walks 
and their applications can be found in the recent book |13| . We are mainly 
interested in limit theorems (i.e. strong law of large numbers, central limit the- 
orem and large deviation principle) for dynamic Z-random walks. We recall 
some of them here under simplified assumptions: assume that E is a compact 
metric space, A the associated Borel a-field, T a continuous transformation of 
E. If there exists an unique invariant measure /x i.e. (E, A, [i, T) is uniquely 
crgodic and if / is continuous with integral equal to 1/2, then for every x £ E, 
(M n /n) n >i converges almost surely to as n goes to infinity. Moreover, if we 
assume that a = j E 4/(1 — /) dfj, > and that 

n 

1/2] = o(Vii) (1) 

i=l 

then the sequence (M„/y / n)„> 1 converges in distribution as n — > +oo to the 
Normal distribution 7V"(0, a). Let us recall that an important feature of certain 
Ising model is the existence of a critical value (3 C of (3: For < (3 < f} c , the spins 
are weakly correlated and the probabilistic limit theorems obtained at (3 = 
are valid. For (3 > (3 C , the correlation between the spins is strongly positive and 
the limit results are completely different. The model is then said to present a 
phase transition at (3 = (3 C . We will prove for our model that the limit theorems 
obtained at f3 = for the dynamic random walk are still valid for any (3 < (3 C 
under the same hypotheses. The critical value /3 C is shown to fluctuate between 
1/J and l/(Ja) according to the dynamical system and the function / we con- 
sider. For an explicit class of dynamical systems and functions /, we are able to 
prove that (3 C is equal to 1/ {J a) and that at (3 = f3 c , under suitable assumptions 
on /, there exists some 7 € (0, 1) so that as in +00, (M„/n 7 )„ converges 
in distribution to an explicit non Gaussian random variable. For (3 > (3 C , the 
situation is not so well understood. Let us recall that for the Curie- Weiss model 
with zero external field (e.g. / = 1/2), the sequence (M n /n) n converges in 
distribution to l/2(S m + 5- m ) where m > (see for instance Theorem IV. 4.1 
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in [7j). In Section 4 we show that if the function / is not identically equal to 
1/2, when (3 > j3 c , the sequence {M n /n) n does not converge in distribution. We 
conjecture that Theorem 1 in |2J should be true for our model, under suitable 
assumptions; this work is in progress. 

In J^j, the authors extended the Pirogov-Sinai theory to a class of models with 
small quasiperiodic interactions as perturbations of the periodic ones. More 
precisely, the low temperature phase diagram for spin systems with periodic 
hamiltonians perturbated by quasiperiodic interactions is studied. Under dio- 
phantine conditions and derivability conditions on the interaction potentials 
they prove that the low temperature phase diagram is a homeomorphic defor- 
mation of the phase diagram at zero temperature. Our model in the case when 
the dynamical system S is an irrational rotation on the torus belongs to this 
class of hamiltonians perturbated by quasiperiodic ones. In Section 5 the same 
kind of conditions on the diophantine approximation of the irrational angle and 
on the smoothness of the function / will be needed in order to state the limit 
theorems. 



The outline of the paper is as follows: In Section 2, we define the dynamic 
Z-random walk and recall some results which will be useful in the sequel. In 
Section 3, we state and prove our results under general assumptions. In Section 
4, we apply results of Section 3 when the integral of / is equal to 1/2 and 
a > 0. In Section 5, we study the case when the dynamical system is given by 
an irrational rotation on the torus. 



2 Dynamic Z-random walks 



The dynamic random walks were introduced in |14j and generalized to upper 
dimensions in [lfi| . We now recall some of the results obtained in dimension one. 
Let S = (E, A, /i, T) be a dynamical system where (E, A, fj.) is a probability 
space and T is a measure-preserving transformation defined on E. Let / be 
a measurable function defined on E with values in [0, 1]. For each x € E, we 
denote by P x the distribution of the time-inhomogeneous random walk: 



S = 0, S n = x i for n > 1 



;.=i 



with step distribution 



f(T l x) if z = 1 
F x (Xi=z) = { 1-/(TV) if z = -l 
otherwise. 



(2) 



The expectation with respect to will be denoted by ~E X . It is worth remarking 
that if the function / is not constant, (SVOneN is a non-homogeneous Markov 
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chain. This Markov chain can be classified in the large class of random walks 
evolving in a random environment. In most of the papers (see for instance 
|12| . [3],...), the environment field takes place in space but it can also take 
place in space and time (see [2])- Following the formalism used in the study 
of these random walks, when x is fixed, the measure V x is called quenched and 
the measure averaged on values of x defined as P(.) = J E P X (.) dfi(x) is called 
annealed. In the quenched case, the random variables Xi,i > 1 are independent, 
but not necessarily identically distributed. In the annealed case, the X's defines 
a stationary sequence of dependent random variables whose the correlations are 
related to the ones of the underlying dynamical system. We refer to J7| (Section 
2.1) for a more precise discussion of these two cases. 

Let Ci/ 2 (S) denote the class of functions / £ L 1 ^) satisfying the following 
condition: for every x £ E, 



n 



fdfi 



E 



Let us assume that / £ Ci/%(S); if J E fdfJ, — \ and a = J £ 4/(l — /) d/i > 0, 
then, for every x £ E, the sequence of random variables (S n / \fn) n >\ converges 
in distribution to the Normal law Af(Q, a) (see JHI)- A strong law of large num- 
bers for the dynamic Z-random walk can be obtained for /Lt-almost every point 
x £ E from Kolmogorov's theorem assuming that the function / is measurable 
(see Chapter 2 in f° r details). The limit is then given by 2E(f\T) — 1 where 
T is the invariant cr-field associated to the transformation T. So, (S n /n) n >i is 
a good candidate for a large deviation principle. Let us recall what is a large 
deviation principle: Let L be a Polish space endowed with the Borel cr-field 
S(r). A good rate function is a lower semi-continuous function A* : L— >[0, oo] 
with compact level sets {x;A*(x) < a}, a € [0, oof. Let v = (v n ) n | oo be an 
increasing sequence of positive reals. A sequence of random variables (Y n ) n with 
values in T defined on a probability space (CI, T ' , P) is said to satisfy a Large 
Deviation Principle (LDP) with speed v = (v n ) n and the good rate function A* 
if for every Borel set B £ B(T), 

- inf A*(x) < liminf — logP(y„ e B) 

x£B° n v n 

< limsup — logP(y„ € B) < - inf A*(x). 

Theorem 2.1. 1. For \x- almost every x £ E, the sequence (S n /n) n satisfies 
a LDP with speed n and good rate function 

A*(y)-su P {< A,y>-A(A)} 

AeR 

where 

A(A) = E (log (e x f + (1 - /)e- A ) | I) , 
T being the a-field generated by the fixed points of the transformation T. 
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2. Assume that E is a compact metric space, A the associated Borel a -field 
and T a continuous transformation of E. If {E, A, /x, T) is uniquely ergodic 
(i.e. there exists an unique invariant measure n) and if f is continuous, 
then 1. holds for every x G E. 

The rate function is then deterministic and equal to 

A(A) = J log (e x f{x) + (1 - f{x))e- x ) dfi(x). 

Let us mention that an annealed large deviations statement for (S n /n) n under 
the measure P can easily be proved using results of 5 (Remark that E is 
assumed to be compact). The proof of the above theorem can be found in 



3 Limit theorems for the magnetization 

In this section, E is assumed to be a compact metric space, A the associ- 
ated Borel cr-field, fi a probability measure on (E,A), T a continuous measure- 
preserving transformation of E, f a continuous function from E to [0, 1] and x 
a fixed point of E. The system (E, A, fj., T) is asumed to be uniquely ergodic. 
In the sequel, the sequence (S n ) n will denote the dynamical random walk intro- 
duced in Section 2 and (M„)„ the magnetization defined in the introduction. 



3.1 Weak law of large numbers for the magnetization 

For every n > 1, we define the function 

Gn(s) = ^-s 2 --\og E x (exp(/3JsS n )) 
2 n 

= ^-^LifiTx^Js) 

i=l 

where the function L is defined on [0, 1] x R by 

L{cj>,s) =log(0 e s + (l-0) e ~ s ). 
We also define the function G by 

G(s) = ^-s 2 - J L{f{y),f3Js)Mv)- 

Theorem 3.1. The function G is real analytic, and the set where G achieves 
its minimum is non-empty and finite. 



G 



Definition 3.1. We will denote by g = min{G(s);s <E R} the minimum of G 
and by mi, • • • , m r the points where G is minimal. Let us define the type 2ki 
and the strength Xi > of the minimum mi by 

2ki = min{j > 1 | G 0) (m 4 ) ^ 0}, 
Ai = G^\ mi ). 



Let us remark that g is nonpositive since G(0) = 0. 

For every a € [0,1], we define C a (S) the class of /i-integrable functions 
h : E —> M satisfying the following condition: for every point x € E, 



n „ 

^(h{T k x)- I hdfi) = o(n Q ) 
k=l Je ' 



Remark that since the dynamical system is uniquely ergodic, the class Ci(S) 
always contains the set of continuous functions on E. 

Theorem 3.2. 1. Assume that for every i S {1, . . . ,r} and every j S {1, . . . , 2ki}, 
the function 

E -> R 

y ~ ^L{f{y)^j mi ) 
belongs to the set Cj/2ki{S). 

Then, for every bounded continuous function h, the expectation ofh(M n /n) 
under Q„ tX is equivalent, as n goes to infinity, to 



^ bi^ n h{rr 

i=l 

r 



i=l 

where 

f +00 



b i>n = n-^e-nG^m,)^!^ / exp( _ s 2fe,/(2fc i )!) ds 



In particular, if G achieves its minimum at a unique point m, then the 
distribution of M n /n under converges to 5 m the Dirac mass at m. 

2. The distribution of M n /n under Q n ^ x verifies a large deviation principle 
with speed n and good rate function 

I 0tX (z) = A*(z) - ^-z 2 inf {A» - ^z 2 } 
where A* is defined in Theorem \2.1\ 
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3.2 Scaling limit for the magnetization 



Theorem 3.3. Assume that G has a unique global minimum m of type 2k and 
strength A and that for every j e {1, ... ,2k}, the function -^L(f (.), (3Jm) 
belongs to the set Cj/ 2 k (S) ■ Then, the following convergence of measures holds: 

where Z(2k,X) is the probability measure with density function 

Cexp (-\s 2k /(2k)^ , 
where C is a normalizing constant and A is defined by 



if k = 1 
A if k > 2 



Remark: Note that the case of a minimum of type 2 yields a central limit 
theorem: the fluctuations of M n /n around m are of order n~ 1//2 and Gaussian. 
When the type of the minimum is greater than 4, the limit distributions are non 
standard. 



3.3 Technical lemmas 



Lemma 3.1. Let Y be a random variable with distribution Af(0, l/(/3J)) ; in- 
dependent of M n for every n > 1 . Then, given m and 7 real, the probability 
density function of the random variable 

Y M n — nm 



nV2-7 

is equal to 



exp (—nG n (m + sn 7 )) 
J R exp (-nG„(m + sn~T)) ds' 



Proof: 

The probability density function of the random variable n 1//2 y + M n is given 

by 



Z n V 2tto J 
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with p n = pi*. . .*p n where pi = f(T l x)5i + (l — f{T % x))8-\. It can be rewritten 
as 

Z n V 2wn y ' 

So, by a change of variables, the probability density function of the random 
variable -^f^ + M ^- nm is given by 

J_./^. n 1 /2-7 e -/3./™(™+s™-') 2 /2 E / pj(m+sn-<)S n \ 

Z n \ 2n ' xy ' 

The lemma is then easily deduced. 

The previous lemma suggest that the behaviour of the sequence of random 
variables M n and of the sequence of functions G„ are linked together. 

Lemma 3.2. The sequence of functions (G„)„>i converges to G uniformly on 
compacta o/R as n goes to infinity. Furthermore, for every k > 1, the sequence 
of derivative functions ((??)„>! converges to G (k ^ uniformly on compacta o/R 
as n goes to infinity. 



Proof: 

Note that the function L is of class C°° on [0, 1] x R, so that for any sel, the 
function y i— » JprL(/(y), f3Js) is continuous. For any s£l and k > 0, 



G<*>(*)-G< fc >(s) = (/?J)» 



\ E ^L{f{T* X ),(3Js) - J e ^L(f(y), f3Js)d„(y) 



The unique ergodicity hypothesis implies that this quantity converges to as n 
goes to infinity. 

We prove the uniform convergence with the following majoration of the differ- 
ence \G^n\s) — G ( - k \s)\ on the compact [—a; a]: 

|G( fe )( S )-G«( S )|<|GW(0)-G«(0)|+ f \Gi k+1 Hs)-G( k+1 Hs)\ds. 

J —a 

The unique ergodicity hypothesis implies that for any s G R, \G^ +1 \s) — 
G( fe+1 )( s )| converges to zero as n goes to infinity. Furthermore, the function 
JprL is bounded on the compact set [0, 1] x [— fiJa, /3Ja], and hence the dif- 
ference \G^n +1 \s) — G( fe+1 )(s)| is uniformly bounded on [—a, a]. Finally, by 
dominated convergence theorem, 

\Gl k \s) - G (k Hs)\ < |G<*)(0) -G (k H0)\ + p \G^ +1 \s)-G^ +1 \s)\ds^0, 

J — a 

and the convergence is uniform for s e [—a, a]. 
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Lemma 3.3. Let m be a global minimum of G of type 2k and strength A. 
Suppose that for every j G {1, ... ,2k}, the function y i— > J^jL(f(y), (3Jm) 
belongs to the class Ci(S). Then, for every seR, 

2k 

Jun x n(G n ( m + sn-^)-G n (rn))=X-^. (3) 

Furthermore, there exist 5 > and N > 1 such that for every n > N and 
se[-5v}l 2k ;8n 1 / 2k ], 

. 2k 2k— 1 

n (G„ (m + sn-^ k ) G n (m)) > £ I s !'' ^ 



Proof: 

Let sel and u = sn~ x l 2k . Taylor's formula implies that 

G n (m + u) - G„(m) = ]T " {^ u^ + i?„(«), 

3=1 J ' 

where the remainder R n has the integral form 

2fe+l pi 

Rn{u) = l2kj\ I i l -°) 2k GT +1) {™ + 0u) AO. 
The j-th derivative of G n at point to is equal to 

G#>(m) = P,(m) - ^ £ ^jLifiT^pjm), 

i=l 

where 

!/3Jto if 7 = 1 
J if j = 2 . 
otherwise 

As n goes to infinity, this quantity converges to 

G^(m) = f>-(m) - J e QjL(f(y), pjm) d»(y). 

The hypothesis that the function y i— > J^jL(f(y), f3Jm) belongs to the class 
C j (S) implies that for every j e {!,..., 2k}, 



n\G^{m)-G^\m)\ = o(r»A). 



Since the point m is a global minimum of G of type 2k and strength A, G^ (to) = 
for every j e {1, ... ,2k — 1} and G^ 2k ^(m) = A > 0. This implies that as n 
goes to infinity, for every j € {1, ... ,2k — 1}, 

G^Kln 1 -* -» 0, (5) 
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and that for j = 2k, 

The integral remainder satisfies 

s 1k+l n -l/2k fl 



(6) 



(2k) 



(1 - e) 2k G^ k+1 ^ (to + 9sn- 1 / 2k ) M. 



o 



The fact that the functions Gn are uniformly bounded on the compact set 
[m — |s|,to + \s\] implies that the integral is bounded as n goes to infinity, so 
that 

nR n (sn- 1/2k ) -> 0. 

Hence the formula 



2k / \ 

n(G n (to + sn- 1 '™) - G„(m)) = ]T " .) m) n 1 -" 2 * *> + nR^sn- 1 /^), 



yields the limit Xs 2k /{2k)\ as n goes to infinity and this proves equation J3J). 
Let us prove Q), from j£| and ©, there exists N > 1 such that for every n > N, 
and every j £ {1, ... ,2k — 1}, 



< 1 



and, for j — 2k, 

G< 2fc )(TO)>3A/4. 

There also exists S > such that for every n > 1, and every s G [— oVi 1 / 2 *; cm 1 / 2 *], 
sn- 1 /^ (\l~e) 2k G[ 2k+l \m + Q S n- l / 2k )d6 < A/4, 



which implies that for every n > 1 and every s G [— <5n 1 / 2fe ; <5n 1 / 2fe ], 

nR n (.sn-^ 2k ) > A 



4 (2k)\ 

(There exists M such that \Gn k+1 \s)\ < M for every n > 1 and every s S 
[to — 1, to + 1], then choose <5 as the minimum of (2k + 1)A/ (4M) and 1 ). 
This implies that for every n> N and every s S [— (5n 1 / 2fe ; <5n 1 / 2fe ], 

„( G „( m+8 „- 1 «)_ G „ (m) )>^_ 2 g 



Lemma 3.4. Let V be any closed subset of M containing no global minima of 
G. There exists e > such that 



e ng J cxp(-nG n (s))ds = o(e-™ £ ). 
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Proof: 

Since \S n \ < n, the expectation (exp(/3 JsS n )) is bounded above by exp(n/3J|s|) 
and the function G„ satisfies for every s£l 

G n (s) > E- S *-[3J\ S \. 

This implies that for any s such that \s\ > 3, G„(s) > > g (since G(0) = 0, 
g is nonpositive) . 

From Lemma 13.21 on the compact set W — V n {s; |s| < 3}, the sequence 
of functions G n converges uniformly to G. Hence, the sequence ir&w G n (s) 
converges to inf^y G(s) > g. Let 

e = min(i(inf G(s) - g), ^ - g) > 0. 

Then, for large n, G n (s) > g + e on the set V. Hence, for large n, 

exp(-nG„(s))ds < e ns e- (n - 1)(9+£) / e - G ^ s) ds. 



The inequality 
implies that 



J exp(-nG n (s))ds<e 9 e- {n ~ 1)e J exp (~^s 2 + 0J\s\ \ ds = (D(e~ n£ ). 



3.4 Proof of Theorem I3TT1 

For every y £ E fixed, the function s h- » L(f(y), s) is real analytic. Moreover, 
if s G [—a, a], then for every y £ E, \L(f(y), s)\ < a. This implies that the 
functions s i— > J_ L(f(y), s) d/i(y) and G are real analytic. 

We now prove that G has a finite number of global minima. The function G 
goes to infinity as s goes to infinity, since for every s£l, 

G( S )>^ S 2 -/3J| S |. 

This implies that the continuous function G is bounded below and has a global 
minimum. Furthermore, the set where G achieves its mimimum is bounded. 
Since G is a non constant analytic function, the set where its first derivative 
G^ 1 -* vanishes is discrete. The set where G is minimum is thus discrete. Being 
also bounded, it must be a finite set. 

Remark: It is worth remarking that every minimum point of G is of finite 
type. Indeed, if G has a minimum m of infinite order, then G^ (m) = for 
every j > 1. Since G is analytic, this implies that G is constant. It contradicts 
the fact that G tends to infinity when s goes to infinity. 
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3.5 Proof of Theorem EO 



A consequence of Lemma f3. II is that the density of ™ + ^= is equal to 

exp(-nG n (s)) 
J exp(— nG n (s)) ds 

Note that the contribution of the Gaussian random variable 4= vanishes in the 
limit n — > +00. We thus have to prove that for any bounded continuous function 

K 

J exp(-nG„ (s))h(s) ds _ Yn=i KnM^mi) + ,^ 
Jexp(-nG„(s))ds Yli=iKn 

For every i £ {1, . . . , r}, is a minimum of G of type 2fc, and strength A^. 
For every minimum m„ we apply Lemma 13.31 Then, for every i € {1, . . . , r}, 
there exist Si > and A/j > 1 such that Q holds. Let TV be the maximum of 

(Ni)i = i r and let S be such that <5 < min^i^..^ Si and the sets ]m, — <5, rn^ + 5[ 

be disjoint. Let V be the closed set 



V = R \ (J ]m, - 5, m, + <5[. 



Lemma 13.41 yields 



exp(-rcG»(s))/i(s) ds = C>(V n£ - ns ). 



Use a change of variables and Lemma 13.31 to estimate the contribution of the 

set }rrii — <J, m, + S[, 



rrii+8 



exp(—nG n (s))h(s) ds 



rrii—5 



n -l/2ki e -nG n {mi) 



n -l/2fc <e -nGf„(mO 



an 1 / 211 . 



+00 



exp 



(-n(G„(mi + sn- 1/2k *) - G n (mj))) /i(m t + sn- 1/2fe *)ds 



exp 



(-A lS 2fc V(2fc i )!)/iK)d S + o(l) 



where the last equality is obtained by combining an( i dominated con- 
vergence. Hence, the integral is equivalent as n goes to infinity to 



h(m,i) 



where 



b,„ =n -y^ ie -nG n ( mi ) x7 i/2k i 



+ OC 



exp (- s 2ki /(2h)\) ds. 
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This yields the asymptotic 

/ exp(-nG n (s))h(s) ds _ Y^i<i<r b i,nH m i 



J exp(-nG„(s))ds £ 

l<i<r "i,n 



0(1) 



To prove the large deviations property, we use Laplace method. From Theo- 
rem the distribution of S n /n under P^ satisfies a large deviation principle 
with speed n and good rate function A*. The distribution Q ntX is absolutely 
continuous with respect to with density 

/ (3J{S n /n) 2 
■ exp n 



Since S n /n takes its values in [0, 1] and that the function z > f3Jz 2 /2 is contin- 
uous and bounded on [0, 1], it follows from Varadhan integral lemma (see 0]) 
that the distribution of M n /n under Q n . x satifies a large deviation principle 
with speed n and good rate function 

I^(z) = A*(z) - ^-z 2 - inf {A*(z) - ^-z 2 }. 



3.6 Proof of Theorem EOl 

From Lemma \'S. II the probability density function of 

M n - nm Y 

n l-l/2fe ^ n l/2-l/2fe 

is given by 

exp(— nG n (m + sn~ 1 / 2k )) 
J exp(— nG n (m + sn _1 / 2fe )) ds 

The theorem is a consequence of the following result: for any bounded contin- 
uous function h, 

j e^{-nG n {m + sn- 1 / 2k ))h{s)ds J exp(-As 2 V(2fc)!)/i(s) ds 
J exp(-nG„(m + an- 1 / 2 *)) ds ' J exp(-As 2fe /(2fc)!) ds ^ 

Let S given by Lemma EP1 and let V = R\ ]m — S, m + S[. Lemma yields the 
following estimation 

/ exp(-nG„(m + srT 1/2k ))h{s) ds 

J\s\>Sn 1 / 2k 



n x l 2k / exp(-nG„(s))/i((s-m)n 1 / 2fe )ds 
Jv 

o(n 1/2k er n£ - ng ^ (8) 
14 



From Lemma 13.31 and dominated convergence, 

/ exp(-nG„(m + sn~ 1/2k ))h(s) ds 

J\s\<8n 1 / 2k 

= e -nG n (m) f exp(-n(G n (m + sn- 1 / 2k )--G n (m)))h(s)ds 



e -nG n (m) 



\s\<5n 1 / 2k 

exp(-Xs 2k /(2k)l)h(s) ds + o(l) 



(9) 



By combining equations ijSJ and © we obtain J7J. 



4 The phase transition 



In this section, we keep the hypotheses of the previous section and we focus on 
the case where J E f dfi = | and a = J £ 4/(l — /) d/i > 0. We prove that a 
phenomenon of phase transition occurs: at high temperature (i.e. (3 small), the 
system has the same behaviour as at infinite temperature (i.e. P = 0). We prove 
that for (3 < (3 C , the magnetization vanishes in the thermodynamical limit (i.e. 
M n /n converges in distribution to zero) and we also give a caracterization of the 
critical inverse temperature (3 C . The study of the system at lower temperature 
((3 > p c ) is quite difficult since the study of the minima of G strongly depends 
on the dynamical system S and on the function /. We will give some general 
conditions under which the minima of G are well known, and also study some 
examples. 



4.1 The critical temperature 

In this section the parameter (3 is not fixed and we write Gp instead of G to 
enhance this dependency. 

Definition 4.1. Let (3 C be the critical inverse temperature defined by the relation 
P c = sup{/3 > |Vs S R , Gp{s) > 0} . 

We recall that G fj (s) = ^-s 2 - A(PJs), where 

My) = / log (f(x)e y + (1 - f(x))e-y) d^x). 

JE 

It follows from the change of variables u = [3Js that /3 C is also defined by 



-2 

p c = sup ^ p > 



V„ER,A(„)<^} 
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Equivalently, the critical temperature is defined by the more explicit relation 

1 A(«) 
— — = sup — — . 

Proposition 4.1. The critical inverse temperature (3 C satisfies 

J Ja 

Furthermore, if [3 < (3 C , then Gp has a unique minimum at point 0. 



Proof : 

We use the fact that A(u) ~ |u 2 as u — > 0. Hence, u i— > is continuous on 



I*, tends to a/2 as u — ► and to as u — > ±oo. This implies that 

a A(u) 
' su- v ; 

uei 



O - SUP 2 

2 „PK* u 



and then C < -jg . Note that the equality (3c — holds if and only if u i— ► 
reaches its maximum at point 0. The inequality (3 C > 4 follows from the fact that 
the second derivative of A is bounded above by 1 which implies that A(u) < \v? . 
The relation 



,,2 



implies that if j3 < /3 C , the function Gp has a unique minimum at point equal 
to 0. 

Theorem 4.1. Let us assume that f € Ci/ 2 {S). Then, for every f3 < (3 C , the 
distribution of M n under Q„ jX satisfies a law of large numbers: 

—M n Sq , as n — » oo 
n 

and a central limit theorem: 



—=M n =>N{Q,cr 2 ), as n 
\/n 



with a 2 = a/(l — f3Ja). 



Proof: 

The law of large numbers is an application of Theorem 13.21 and the central limit 
theorem is an application of Theorem 13.31 We verify that the assumptions of 
these theorems are satisfied. From Proposition ^. II the hypothesis J E f dfi = \ 
and /3 < j3 c implies that the function Gp has a unique minimum at point m = 
of type 2k = 2 and strength A = G^ 2) (0) = J(l - (3Ja) > 0. Since the function 
y i— > M^L(f{y), 0) is equal to j3J(2f— 1), the hypothesis / G Ci/ 2 (S') implies that 

y i * -§- s L{f(y), 0) belongs to Ci/ 2 (5). Moreover, the function y i-> gpr£(/(y), 0) 
is equal to (ft J) 2 (4/(1 — /)) which belongs to C\(S) since / is continuous. 
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4.2 General study for a specific class of systems 



We consider here a class of systems for which we can study the minima of the 
function Gp for every (3 > 0. We suppose that the system satisfies the following 
hypothesis 

(H) The function A is even and its derivative is concave on (0, +oo). 

Before introducing our main results, we exhibit some cases where the hypothesis 
(H) is satisfied. Note that (H) is an assumption on the function 

A:uh f log (f(x)e u + (1 - f(x))e~ u ) d(i(x) 

JE 

that does not really depend on the dynamical system S = (E, A, (i, T) but only 
on the image distribution of (i under the application /, that we denote by (if 
that is the measure on [0, 1] such that for every Borel set A, 

Hf{A) = n{f-\A)). 

Proposition 4.2. The hypothesis (H) is satisfied in the following cases: 

1. the measure (if is equal to l[o,i] {x) dx. 

2. the measure (if is equal to \{8\ + 5i-\), with | — ^5 < A < |, (and if 
< A < i — ^ , the hypothesis (H) is not satisfied.) 

3. the measure (if has its support included into [5 — ^,5 + ^f] an d satisfies 
the symmetry condition: (if = Mi-/- 

Proof: 

1. : In this case, the function A is equal to 

A(«)= / log (ie" + (1 - x)e- u ) dx = I tan M u ) . " 

It is an even function. In order to prove the concavity of A', we compute the 
third derivative A' 3 ' for u e (0, +00) : 

A ( 3)(u) = 2(l-taah( M ) 2 ) (3taDh(M) _ 3u + utanh(?i)2) 

which is negative on (0, +00), so A satisfies the hypothesis (H). 

2. : When (if = ^(5\ + 5\-\), the function A is equal to 

A(«) = ^ [log(A e u + (1 - A) e"") + log((l - A) e" + A e"")] 
= log(cosh(u)) + i log (1 - (2A - l) 2 tanh(u) 2 ) , 
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E 



which is an even function and its third derivative is given for u € (0, +00) by 

with t — tanh(u) G (0, 1) and g = 2A — 1 e (—1, 1). The fraction is nonnegative 
and for every A e [5 — ^3, |], the bracket is nonpositive since <? 2 (.g 2 — 3)t 2 + 
(3.g 2 — 1) < (3<y 2 — 1) < 0. Thus, A^ 3 ' is negative on (0, +00) and assumption 
(H) is satisfied. 

3. : The condition that / and 1 — / have the same distribution under /x implies 
that the function A is even : for every «el, 

A(«) = / log (f(x)e u + (1 - f{x))e~ u ) d»(x) 
Je 

log ((1 - f(x))e u + (1 - (1 - f{x)))e- u ) dn(x) 
= A(-u). 

Writing A(u) = A (")+ A (- M ) yields the following expression : 

A(u) = log(cosh(u)) + \ I log (1 - (2f(x) - l) 2 tanh(w) 2 ) dfj,(x). 
2 Je 

We compute the third derivative using this last formula. This yields 

A^(u) = 2t(l-f) f -z [9(x) 2 (9(x) 2 3)i 2 + (S.^) 2 - 1)] d»(x) 

Je (4 9( x ) t ) 

with t = tanh(u) e (—1,1) and g = 2/ — 1. When the measure \i$ has its 
support included into [\ — ^,\ + -^p], then (3.g 2 — 1) is ^-almost everywhere 
nonpositive and hence A^(u) and — u are of the same sign, so assumption (H) 
is satisfied. 

We are now ready to give a complete description of the minima of the func- 
tion Gp in function of the inverse temperature (3 and to show a phase transition 
at the critical inverse temperature (3 = [3 C . 

Theorem 4.2. Let us assume that hypothesis (H) is satisfied. Then, the fol- 
lowing results hold: 

1. the critical inverse temperature (3 C is equal to l/(Ja). 

2. for (3 < (3 C , Gp admits as unique minimum of type 2 and strength (3J(1 — 
(3 J a). 

3. for (3 — {3 C , Gp admits as unique minimum of type > 4. 
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4- for (3 > p c , Gp admits two global minima at points ±m (with m > 0), of 
same type equal to 2 and same strength. The point m called spontaneous 
magnetization is the unique positive solution of the equation 

r tanh(/?Jm) + (2/- 1) 
m ~ J E T+ (2/ - 1) tanh(/3 Jm) M ' 



Proof: 

1.: We prove that for every u G 



This implies that 



A(«) < 2« 2 - (10) 



A(it) a 
= sup — 5- < 



2/3 c J ugt* « 2 " 2 

and hence that (3 C > -j^. From Proposition ^. II the equality is proved. 
We now prove inequality (|l(Jfl using hypothesis (H). Since A' is concave on 
(0, +00), its derivative A' 2 ' is a nonincreasing function. Hence, for every u > 0, 
A( 2 )(it) < A( 2 )(0) = a. The function A' vanishes at point and has a derivative 
bounded above by a: this implies that A' (it) < au. Integrating one more time 
yields A(u) < |u 2 for every u > 0. Since the function A is even, the same 
inequality holds for u < and this proves inequality (|10|) . 

2. : This result is contained in Proposition 14.11 

3. : From assumption (H) the function G'^(s) equal to (3J{s — A'((3Js)) is odd 
and convex on (0, +00). For (3 = /3 C , Gg(Q) = (0) = 0, so from convexity, 
Gp is nonnegative on (0, +00). The point is the only point where Gp van- 
ishes. Otherwise, if there exists some u > such that Gp(u) — 0, the convex 
function would be identically zero on [0, it] , and being real analytic, it would be 
identically zero on R, which is not the case. Thus zero is the only point where 
Gp vanishes, and the function Gp has a unique global minimum at point 0. 

4-: For P > /3 C , under assumption (H), the function Gp is odd and con- 
vex on (0,+co), moreover, G^(0) = 0, Gf\o) = 0J(1 - (3Ja) < and 
lim s ^ +oc Gp(s) — +00. Hence, there exists an unique real m S (0, +00) such 

that Gp(m) — 0, thus the function Gp vanishes only at points — m, and m. 
The function Gp reaches its global minimum at points — m and m, and has a 
local maximum at 0. Since A is even, the minima m and — m have same type 
and same strength. 

We now prove that the type of m is equal to 2: by the mean value theorem 
there exists mo € (0, (3Jm) such that 

A(*V ) = %^ = i-. 

pJm pJ 

The real analytic function is not constant on [0, +00 [ (since A' 2 ^(0) = a > 
and lim^+oo A( 2 )(s) = 0). Then, since A (3) 

is nonpositive on (0, +00), the 
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function A^ 2 ) is strictly decreasing on (0, +00). It follows that A^ 2 ^(mo) > 
AW(0Jm) and that 

Gf(pjm) = ((3 J) 2 (Jj - A^(f3Jm)\ = {f3J) 2 (\ (2) (m ) - A^(pJm)) > 0. 
This completes the proof of the theorem. 

As a consequence, the asymptotic behaviour of M n under Q n>x for (3 > (3 C 
is deduced for the systems satisfying assumption (H). Recall that Theorem l4.ll 
treats the case (3 < j3 c for general systems. 

Theorem 4.3. Assume that assumption (H) is satisfied. 

1. When f3 — f3 c , denote by 2k > 4 and X the type and the strength of m = 
the minimum of Gp. Assume that for every j S {1, . . . , 2k}, the function 
f° belongs to Cj/2k{S). Then, 

=> 0o 

n 

and 

n l-l/2k 

where Z is the probability measure with density function 

Cexp(-As 2A; /(2fc)!) , 
C being the normalizing constant. 

2. When (3 > f3 c , assume that the functions ±/3Jm) belong to the 
set Ci/ 2 {S). 

Then, for every bounded continuous function h, the expectation of h(M n /n) 
under Q> n ,x is equivalent, as n goes to infinity, to 

u m,n 

h{m) + 6_„ l: „ h{~m) 



where 

n 

b m , n = n (^ rJa; ) ePjm + ^ - ^ t3x ^ & ~ pjm ) ■ 

Remark: A straightforward computation gives 

G( j 4) (0) = 2(/3J) 4 (3/ 4 -4/ 2 + l) 

where I 2 — f E (2f- l) 2 d/i and h = J E (2f — l) 4 dfi. So, when [3 = f3 c , the type 
of is equal to 4 if and only if 3/4 — 4J 2 + 1 > 0. It is always verified when the 
support of / is strictly included into [~ — g , 5 + -^p]- 
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5 A particular case: the rotation on the torus 



In this section wc treat the particular case of the irrational rotation on the 
torus which corresponds to a quasiperiodic random field already mentioned in 
|19j . It is one of the dynamical systems S in ergodic theory for which we are 
able to provide a large subclass of C a (S). In the first section we first give a 
precise description of this subclass in terms of the diophantine properties of 
the irrational angle. In the second one we apply results of Section 4 to this 
particular dynamical system when the function / is the identity function. 



5.1 Some Results on Diophantine Approximations 

Let us consider the dynamical system (T r , B(T r ), A, T a ) where A is the Lebesgue 
measure on the torus T r and T a is the irrational rotation over T" r defined by 
x — ► x + a mod 1 . It is well known that under these conditions this dynamical 
system is ergodic and for every / 6 i 1 (A), for almost every x E T' r , 



When / is with bounded variation, this result holds for every x G T r and it 
is possible to determine the speed of convergence of the sequence M n to in 
terms of arithmetic properties of the irrational vector a. When r = 1, for all 
irrational badly approximated by rationals, Denjoy-Koksma's inequality gives 
us a majorization of M n uniformly in x for n large enough. But when r > 2, 
Denjoy-Koksma's inequality does not hold (see Yoccoz and the method of 
low discrepancy sequences has to be used. 



5.1.1 Case of one-dimensional torus 

Let a be an irrational. We call a rational ^ with p, q relatively prime such that 
I en — ^| < ^t, a rational approximation of a. When a has the continued fraction 
expansion a = [a] + [<zi, . . . , a n , . . .], the n-th principal convergent of a is ^ L 
where, Vrt > 2, 




Pn = a n p„-i +p n -2 



On — a-nQn-l + 3n-2i 



the recurrence is given by defining the values of Pq,Pi and qo, q%. 
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Denjoy-Koksma's inequality Let f : R — > [0, 1] &e a function with bounded 
variation V(f) and 2 a rational approximation of a. Then, for every x G T 1 , 

\j2f(T l a x)~q[ f(t)dt\<V(f). 
i=i 



Proposition 5.1. Let f be a function with bounded variation V(f). For ev- 
ery irrational a such that the inequality a m < m 1+e , where e > 0, is satisfied 
eventually for all m, 



sup 

xeT 1 



n 

1 



n). 



Proof: 

The sequence of integers {qi)i>\ being strictly increasing, for a given n > 1, 
there exists m„ > such that 

q_m n <n< q m „+i- 

By Euclidean division, we have n = b mn q mn + n TOn _i with < n TOn _i < g mn . 
We can use the usual relations 

go = l,qi= ai 



q n = a n q n -i + q n -2,n > 2. (11) 

We obtain that (a m „+i ~\~ l)<Zm„ > <7m„+i > w and so 6 m „ 5: a m„+i- If m„ > 0, 
we may write n m?i _i = b mn -iq mn -i +n m „-2 with < n m „-2 < 9m n -i- Again, 
we find b TOn -i < a TOn . Continuing in this manner, we arrive at a representation 
for n of the form 

n = ^2 Mi 

i=0 

with < hi < ai+\ for < i < m n and b mn > 1- Using Denjoy-Koksma's 
inequality, we get 

|^/(T^)-n / < n/)E 6 » 

Z=l ^ l=0 

m„ 

i=0 

By hypothesis, there exists m > 1 such that, 

a m < m 1+c ,Vm > m - 
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Let n be such that m n > m®. Thus, 

n „ mo— 1 

| ]T f{T l a x) - n / f(t)dt\ < V(f)( Oi+i + (m* + l) 2+e ). 

1=1 JT1 *=0 

We need to know the asymptotic behavior of m n . When a is the golden ratio, 
a n = 1, Vra > 1 and the relation implies that q n ~ -i=a" +1 . Let a' be 
another irrational; its partial quotients a' n satisfy necessarily a' n > 1. Using the 
relation ((TT|) . we see that q' n > q n ,Vn > 1. Therefore, m„ = O(logn) and the 
proposition is proved. 

5.1.2 Generalization to i — dimensional torus 

We recall some definitions and well known results from the method of low dis- 
crepancy sequences in dimension r > 1. 

Suppose we are given a function f(x) — fix^, . . . ,x^ r ') with r > 1. By a 
partition P of [0, l] r , we mean a set of r finite sequences t]q , rj^ , . . . , 
»$j (j = 1, . . . , r), with = < t][ 3) < . . . < ritt] = 1 for j = 1, . . . , r. In 
connection with such a partition, we define, for j = 1, . . . , r an operator A.,- by 

T 0'+l) r (rh _ ff r (l) r 0"-l) „0') T (i+1) T (r)-i 

for < i < rrij. 

Definition 5.1. 1. For a function f on [0, l) r , we set 

yW(/)=sup £ ... £ lAr,...,,/^,...,^)!, 
p — — 

where the supremum is extended over all partitions P of [0, l] r . // 7 (r) (/) 
is finite, then f is said to be of bounded variation on [0,1]'' in the sense 
of Vitali. 

2. For 1 < p < r and 1 < i\ < %2 < ■ ■ ■ < i p < r, we denote by (/; i\, . . . , i p ) 
the p- dimensional variation in the sense of Vitali of the restriction of f to 

E\ x i = {(ti, . . . , t r ) € [0, l] r ; tj = 1 whenever j is none of the 
i r , 1 < r < p}. 

If all the variations V^{f; ii, . . ., i p ) are finite, the function f is said to 
be of bounded variation on [0, l] r in the sense of Hardy and Krause. 
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Let xi, . . . ,x n be a finite sequence of points in [0, l] r with xi = {xi x , . . . , xi r ) 
for 1 < I < n. We introduce the function 

Rn(ti, . . . , t r ) = — - — - - — - — - —t\...t r 

n 

for (ti, . . . ,t r ) £ [0, l] r , where A(t%, . . . , t r ; n) denotes the number of elements 
< I < n, for which xi i < U for 1 < i < r. 

Definition 5.2. The discrepancy D* of the sequence x±, . . . ,x n in [0, l] r is 

defined to be 

D* n = sup \R n (ti, . . . ,t r )\. 
(t lt ...,t r )e[o,i] r 

For a real number t, let ||t|| denote its distance to the nearest integer, namely, 

11*11 = mf|*-»l 

= inf({t},l-{t}) 

where {£} is the fractional part of t. 

Definition 5.3. For a real number r\, a r -tuple a = (ot\, . . . , a r ) of irrationals 
is said to be of type rj if rj is the infimum of all numbers a for which there exists 
a positive constant c — c(cr; a\, . . . , a r ) such that 

r a (h)\\ <h,a>\\>c 

holds for all h ^ in 7L T ' , where r(h) = Yii=i max(l, \hi\) and < •, • > denotes 
the standard inner product in W. 

The type rj of a is also equal to 

sup{7 : inf r~< (h)\\ < h, a > \\ = 0}. 

We always have ij > 1 (see [221 ) - Now we give a result (see [20]) which 
yields the asymptotic behavior of the discrepancy of the sequence w — (x\ + 
la\, . . . ,x r + la r ), I = 1,2,... as a function of the mutual irrationality of the 
components of a. 

Proposition 5.2. Let a = (a±, . . . ,a r ) be an irrational vector. Suppose there 
exists T) > 1 and c > such that 

r"(fe)|| < h,a > || > c 

for all h ^ in 1 r ' . Then, for every x £ [0, l] r , the discrepancy of the sequence 
w = (xi + loti, . . . ,x r + la r ), I = 1, 2, . . . satisfies D^(w) — C(n _1 log r+1 n) for 
rj = 1 and D* (w) = 0(n~ an-i^+i) \og n ) for rj > 1. 
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The proof is based on the Erdos-Turan-Koksma's theorem: For h 6 Z r , 
define p(h) = maxi<j< r \hj\. Let X\, . . . , x n be a finite sequence of points in R r . 
Then, for any positive integer m, we have 



D:<c r {-+ £ -^E' 

I to * — ' r(n) n z — ' 

0<p(h)<m K ' 1 = 1 



,27ri</l,a;i> 



where C r only depends on the dimension r. This theorem combined with the 
results of [2D1 (p-131) gives us the result. 

Theorem 5.1 (Hlawka, Zaremba). Let f be of bounded variation on [0, l] r in 
the sense of Hardy and Krause, and let u> be a finite sequence of points x\, . . . , x n 
in [0, l] r . Then, we have 



£E /(*«)-/ /(*)<**! <E E v^{f;h,...,i P : 

J=l 17 u p=ll<!i<! 2 <...<t p <r 



where D* n (w^...^) is i/ie discrepancy in E^ i of the sequence w^...^ obtained 
by projecting u onto E^ f . 

Proposition 5.3. Lei f be a function with bounded variation in the sense of 
Hardy and Krause, and a an irrational vector of type r\, then 



sup 



E(/( T - 



Z=l 



/(t)dt) 



C(log r+1 n) ifij= 1 

((^-ij-'+i) logn) if rj> I. 



Proof: 

Let 77' be such that 77 < 77' < 1 + i . There exists c > such that 

r v '{h)\\ < h,a> || > c 

holds for all /i ^ in Z r . Suppose we are given ap-tuple a p = (a^ , . . . , a.{ ), 1 < 
p < r, of a, then 

r">)|| </i,a p > || >c 

holds for all /i 7^ in V ,1 < p < r. Thus, every p-tuple, 1 < p < r, is of 
type J such that 1 < <5 < 77 and (a^ , . . . , 04 ) is an irrational vector. For every 
P, 1 < p < r, we define Wi 1 ,,,i p by the projection of w on i . From the 
previous proposition, we have for every p, 1 < p < r, 

f n^( roi ,., p ) = 0(\og p+1 n) if 5= 1 

1 («;,•!...»„) = 0(n 1_ ((*-i)p+d logn) if 1 < S < 77. 

Now, Vp = 1, . . . , r, 

1 1 
° - 1 ~ (<5- l)p+l " 1 ~ (77- Tjr + l ~ ' 

Therefore, using Hlawka-Zaremba's theorem, we obtain Proposition 15. 31 
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5.2 A particular example: f(x) = x 



Consider the irrational rotation on the one-dimensional torus with angle of type 
r\ and we choose f(x) = x. Clearly, the integral of / is equal to 1/2 and a = 2/3. 
We apply Theorems 4.2 and 4.3 for this particular example. 

Theorem 5.2. The following results hold: 



1. The critical inverse temperature (3 C is equal to 3/(2J). 

2. When (5 < (3 C , if r) < 2, 

=4> do , as n — > oo 

n 

and 

Af(0, o 1 ) , as n — > oo 

Jn 



with a 2 = 2/(3- 2(3 J) . 
3. When /3 = j3 c , ifrj< 4/3 7 



n 
and 



=4> oq , as ?2 — ► oo 



=4> Z , as n — > oo 



n 3/4 

where Z is the probability measure with density function 



^ r( ^ exp(-9 S 4 /80) 



Proof: 

Assertion 1. comes from a direct application of Theorem 4.1. To prove 2. remark 
that this particular example corresponds to 1. from Proposition 5.3, so (H) is 
satisfied. Moreover, from the remark following Theorem 4.3, it is easy to prove 
that the type of the unique minimum is equal to 4. Finally, by combining 
Theorem 4.3 and Proposition 15 . 31 we get the result. 



References 

[1] Billingsley, P. Convergence of probability measures. Wiley, New York 
(1968). 



2G 



[2] Boldrighini, C, Minlos, R. A., and Pellegrinotti, A. Almost-sure 
central limit theorem for a Markov model of random walk in dynamical 
random environment. Probab. Theory Related Fields (1997), Vol. 109, No 
2, 245-273. 

[3] Comets, F., Gantert, N., and Zeitouni, O. Quenched, annealed and 
functional large deviations for one-dimensional random walk in random 
environment. Probab. Theory Related Fields (2000), Vol. 118, No 1, 65- 
114. 

[4] Dembo, A. and Zeitouni, O. Large Deviations Techniques and Applica- 
tions. Springer, (1998). 

[5] DlNWOODiE, I. H. and Zabell, S. L. Large deviations for exchangeable 
random vectors. Ann. Probab. (1992), Vol. 20, No 3, 1147-1166. 

[6] Dombry, C, Guillotin-Plantard, N., Pincon, B. and Schott, R. 
Data Structures with Dynamical Random Transitions. Random Structures 
and Algorithms (2006), Vol. 28, No 4, 403 - 426. 

[7] Ellis, R.S. Entropy, Large Deviations and Statistical Mechanics. New- 
York, Springer- Vcrlag, (1985) 

[8] Ellis, R.S., Newman, C. M. Limit theorems for sums of dependent 
random variables occuring in statistical mechanics. Z. Wahrscheinlichkeit- 
stheorie verw. Gebiete (1978), Vol. 44, 117-139. 

[9] Ellis, R.S., Newman, C. M. and Rosen, J. S. Limit theorems for 
sums of dependent random variables occuring in statistical mechanics. Z. 
Wahrscheinlichkeitstheorie verw. Gebiete (1980), Vol. 51, 153-169. 

[10] Feller, W. Introduction to Probability Theory and its Applications. Vol. 
II, Wiley, New York (1971). 

[11] Fontes, L.R., Mathieu, P. and PiCCO, P. On the averaged dynamics of 
the random field Curie- Weiss model. Annals of Applied Probability (2000), 
Vol. 10, No 4, 1212 - 1245. 

[12] Greven, A. and den Hollander, F. Large deviations for a random walk in 
random environment. Ann. Probab. (1994), Vol. 22, No 3, 1381-1428. 

[13] Guillotin-Plantard, N. and Schott, R. Dynamic random walks: The- 
ory and applications. Elsevier (2006). 

[14] Guillotin, N. Asymptotics of a dynamic random walk in a random 
scenery I. A law of large numbers. Annales de ITnstitut Henri Poincare 
- Probability et Statistiques (2000), Vol. 36, No 2, 127-151. 

[15] Guillotin, N. Asymptotics of a dynamic random walk in a random 
scenery II. A functional limit theorem. Markov Processes and Related Fields 
(1999), Vol. 5, No 2, 201-218. 



27 



[16] Guillotin-Plantard, N. Dynamic Z d -random walks in a random 
scenery: a strong law of large numbers. J. Theoret. Probab. (2001), Vol. 
14, No 1, 241-260. 

[17] Guillotin-Plantard, N. and Le Ny, A. Transient random walks on 
2d-oriented lattices. Theory of Probability and its Applications (2006). To 
appear. 

[18] Guillotin-Plantard, N. and Schott, R. Distributed algorithms with 
dynamical random transitions. Random Structures and Algorithms (2002), 
Vol. 21, No 3-4, 376 - 395. 

[19] Koukiou, F., Petritis, D. and Zahradnik, M. Extension of the 
Pirogov-Sinai theory to a class of quasiperiodic interactions. Commun. 
Math. Phys. (1988), Vol. 118, 365 - 383. 

[20] Kuipers, L. and Niederreiter, H. Uniform distribution of sequences. 
Wiley and sons (1974). 

[21] Kulske, C. Metastates in disordered mean field models: random field and 
Hopficld models. J. Statist. Phys. (1997), Vol. 88, 1257 - 1293. 

[22] OSGOOD F., C. Diophantine approximation and its applications. Academic 
Press (1973). 

[23] Varadhan, S.R.S. Asymptotic probabilities and differential equations. 
Comm. on pure and applied math. (1966), Vol. 19, 261-286. 

[24] Yoccoz, J-C. Sur la disparition de la propricte de Denjoy-Koksma en 
dimension 2. Asterisque, 231, (1995). 



28 



